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Stochastic chemical kinetics has become a staple for mechanistically modeling various phenomena in systems biology.
These models, even more so than their deterministic counterparts, pose a challenging problem in the estimation of
kinetic parameters from experimental data. As a result of the inherent randomness involved in stochastic chemical
kinetic models, the estimation methods tend to be statistical in nature. Three classes of estimation methods are imple-
mented and compared in this paper. The first is the exact method, which uses the continuous-time Markov chain repre-
sentation of stochastic chemical kinetics and is tractable only for a very restricted class of problems. The next class of
methods is based on Markov chain Monte Carlo (MCMC) techniques. The third method, termed conditional density
importance sampling (CDIS), is a new method introduced in this paper. The use of these methods is demonstrated on
two examples taken from systems biology, one of which is a new model of single-cell viral infection. The applicability,
strengths and weaknesses of the three classes of estimation methods are discussed. Using simulated data for the two
examples, some guidelines are provided on experimental design to obtain more information from a limited number of
measurements. © 2014 American Institute of Chemical Engineers AIChE J, 60: 1253-1268, 2014
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Introduction

The classical method to simulate the time evolution of
reacting molecules is based on the continuum assumption.
When the number of molecules of all reacting species in a
set of chemical reactions is of the order of Avogadro’s num-
ber, the concentration can be assumed to be a continuous
real variable. In such cases, classic mass action Kinetics can
be used to describe the rates of reaction. When the number
of molecules of one or more species is on the order of hun-
dreds or thousands, however, we can no longer use the con-
tinuum assumption. As a result, instead of real-valued
concentrations we need to consider the integer-valued num-
ber of molecules. Another effect of such low number of mol-
ecules is that the classical mass action kinetics is no longer
valid. The reaction rates are no longer deterministic, and a
probabilistic approach is required. Instead of accounting for
amount of reactants consumed (and products produced) in a
time interval, we need to account for the probability that a
reaction occurs in a time interval. This approach of modeling
chemical reactions has come to be known as stochastic
chemical kinetics.'™
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Another difference between the deterministic and stochas-
tic regimes of chemical kinetics is seen in the simulation
methods. While the classical, deterministic regime involves
solving a system of coupled ordinary differential equations
(ODEs), the stochastic regime requires a probabilistic
method involving repeated generation of random numbers.
Various algorithms have been developed to simulate stochas-
tic chemical kinetics starting with the stochastic simulation
algorithm (SSA), also known as Gillespie’s algorithm.z’5
Note that unlike the solution of a system of ODEs, the SSA
produces a different (random) trajectory for every simula-
tion. Considerable research has been devoted to developing
alternative algorithms®’ and approximations with applica-
tions to various problems.*'*

Cellular processes in systems biology frequently demon-
strate intrinsic noise or randomness,'>™"> which is caused by
the presence of low number of reacting molecules. Arkin
and coworkers'®!” used stochastic chemical kinetic models
to explain how a homogeneous population of A-infected
E. coli cells can partition into subpopulations that follow
different pathways. Weinberger et al.'® demonstrated that the
otherwise unexplained phenotypic bifurcation observed in
HIV-1 infected T-cells could be accounted for by the pres-
ence of low molecular concentrations and a stochastic tran-
scriptional feedback loop. Hensel et al.'’ developed a
detailed model of intracellular growth of vesicular stomatitis
virus (VSV) to demonstrate that stochastic gene expression
contributes to the variation in viral yields.

The acceptance of stochastic reaction kinetics as a stand-
ard approach to explain intrinsic noise and the advances in
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experimental measurement techniques, especially fluores-
cence microscopy, led to the inverse problem of estimating
parameters from data. Golding et al.>® used fluorescence
microscopy to measure the number of mRNA molecules in a
single cell at a sampling rate of two measurements per
minute. They showed that the average number of mRNA
transcripts per cell was between zero and 10 and proposed a
stochastic gene expression model to explain the observed
behavior.

Initial attempts to estimate model parameters (usually the
reaction rate constants) were rather ad hoc—the parameters
were set to biologically plausible values and then tuned by
eye so that the model simulation resembled the experimental
data.'” Another approach is to use the continuum assumption
and treat the reaction kinetics as deterministic instead of sto-
chastic. In this case, parameter estimates can be easily
obtained by least-squares fitting or maximum likelihood esti-
mation. Tian et al.?' demonstrated that this approach does
not produce good parameter estimates when the number of
molecules is small. Later approaches maintained the stochas-
ticity of the model and utilized various statistical Monte
Carlo methods to estimate parameters. These estimation
methods may be classified into two familiar categories—
maximum likelihood methods and Bayesian inference meth-
ods. Maximum likelihood methods include simulated maxi-
mum likelihood,>! density  function distance,22 and
approximate maximum likelihood**** methods. All of these
methods maximize an approximation of the true likelihood
to obtain parameter estimates. Stochastic gradient descent,
proposed by Wang et al.>* estimates the gradients of the
likelihood function with respect to the parameters using a
reversible jump Markov chain Monte Carlo (RIMCMC)
method. By contrast, Bayesian inference methods attempt to
obtain the posterior distribution of the parameters, which can
then be maximized to obtain maximum a posteriori (MAP)
estimates. Most Bayesian inference methods rely on MCMC
techniques. Rempala et al.>® utilize MCMC-enabled Bayes-
ian inference to estimate parameters in a specific model of
gene transcription. Wilkinson and coworkers?*? have devel-
oped a range of Bayesian inference algorithms, all of which
use MCMC methods. In many cases, they replace the sto-
chastic chemical kinetic model with another statistical
model®® or approximate it using the diffusion approxima-
tion.?”?° In other cases, they use the true stochastic
model.*>3! Similar to the MCMC method of Wilkinson,”
Choi and Rempala32 proposed a Bayesian inference algo-
rithm based on Gibbs sampling. All of these estimation
methods suffer from their own particular shortcomings and
have restricted applicability. We will discuss these issues in
this article.

gene transcription models,”*> RNA expression,”>**** and
single-cell mtDNA dynamics.?® Other examples include the
Lotka—Volterra model**' and epidemic models.>* These
models consist of 2—8 reactions involving 2—5 species.

In this article, we first start with the formulation of the
true (exact) likelihood of the data without any approxima-
tions. We demonstrate that for a very restricted class of
models and data, the true likelihood may be computed and
then numerically maximized to obtain maximum likelihood
estimates (MLE). In further restricted cases, the posterior
may be obtained by numerically integrating the relevant
expressions. We then move on to implement and compare
some of the Bayesian inference methods available in the lit-
erature. We consider only the methods that utilize the true
stochastic chemical kinetic model (instead of using a diffu-
sion approximation or a statistical substitute). These methods
are based on Gibbs sampling and use either a Metropolis—
Hastings (MH) step® or the uniformization®*?* technique.
Finally, we describe a novel Bayesian inference method that
we call conditional density importance sampling (CDIS),
which uses importance sampling instead of MCMC techni-
ques. We implement these three classes of methods (exact,
MCMC and CDIS) on two examples from systems biology.
The first example is a novel model of early viral gene
expression, and the second example is a reduction of the
RNA expression model studied by,”***** which we call the
gene on-off model. Each of these models exemplifies a quin-
tessential feature of systems biology models that complicates
parameter estimation. We use simulated datasets for each
example and estimate the parameters using the different
parameter estimation methods. Through these estimation
exercises, we provide some general guidelines on how to uti-
lize limited number of measurements to obtain maximum
information. Finally, we compare all estimation methods and
enumerate their strengths and weaknesses.

This article is organized as follows. We start with a brief
review of stochastic chemical kinetic models and corre-
sponding parameter estimation methods in the Background
section. Following that, in the Examples section, we demon-
strate the application of these parameter estimation methods
on two systems biology models—early viral gene expression
and gene on-off.

Background
Stochastic kinetic models

We provide only a brief description of stochastic chemical
kinetics here. Consider a system of n, reactions, denoted by
Ri,Ra,..., Ry, and ng species, denoted by Xy, Xs,..., X,
The system of reactions is written in standard notation

V,€‘1X1+V,,1$2X|+'-‘+V” X'h

1,ng

— V,,2‘1X|+V”2~2X|+'-‘+V” X

2,n,“ " s

1/ 1 /!
vn’71X1+vn”2X1+~~-+v X,

LU

Many of the examples in the references above come from
systems  biology—Prokaryotic gene-autoregulation,17’24’29
k
Ri o VXXt X,
k
Ro o Vo X+, X+ i, X :
/ / / Koy
Ryt vy 1 X, 2 X+ 4y, Xy —
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in which, each reaction has an associated rate constant, k;.
We denote the set of rate constants using the n, X1 vector,
0=[ki ko ky, ]". Similar to the deterministic case,
the n, X ng stoichiometric matrix, v may be written as

11 !
ij " Vi

Vij=V

Let X(z) be the nyX1 state vector representing the number

of molecules of each species at time 7. Let R be the n,X1

vector denoting the number of times each reaction R; is fired

during the time interval [0, T]. Given R, the state of the sys-
tem at time 7" may be obtained from the equation

X(T)=X(0)+V'R (1)

But given X(7) and X(0), we can recover R only if v/
has full column rank. Equation 1 is not very different from
the corresponding deterministic equation (see Rawlings and
Ekerdt™ p. 45, Eq. 2.30). Instead of using reaction rates and
concentration of species, we use the number of reactions
fired and number of molecules of each species. Note that
both X(¢) and R are vector-valued random variables whose
elements can assume only nonnegative integer values. At
time 7, each reaction R; has an associated reaction propen-
sity defined as

hi(X(t), 0)=kigi(X (1)) (2)

For example, a bimolecular reaction of the form A+B i>C
would have reaction propensity #(X(¢), 0)=kA(t)B(t). Reac-
tion propensity is similar to the rate of reaction in determin-
istic kinetics albeit with some differences as described in.”
The total reaction propensity at time ¢ is the sum of propen-
sities of all reactions and is denoted by hy(X(z),0)=
S0, (X(0), 0).

The set of all possible states of the system is called the
state space, denoted by S. As the state is an integer-valued
vector, the state space S is discrete containing |S| states.
Here, |S| represents the number of states in the state space.
Thus, the state vector forms a stochastic (or random) process
X={X(#) : t € [0,T]} in a discrete state space and continuous
time. This stochastic process is essentially a continuous-time
discrete-space (homogeneous) Markov chain that has the fol-
lowing Markov property

P(X(t+dt)=x|X(s)=x(s),s € [0,1])
=P(X(t+dt)=x|X(1)=x(r)) 3)
Equation 3 can be converted to a system of ODEs by rear-

ranging the terms and taking a limit of df — 0. One form of
these ODEs is the Kolmogorov’s forward equation

d —
EP(’)—QP(’) @
P(0)=Ij5xs,

(P(0);;=P(X(s+1)=/[X(s)=0),

ijes ()

in which P(r) is an |S|X|S| transition matrix. Each element
(P(2)),; represents the probability of the system being in
state j at time s + ¢ given that the system was in state i at
time 7. The |S|X|S| matrix Q is called the transition rate
matrix. Elements of Q are composed of the reaction propen-
sities defined in Eq. 2. For a detailed description, we refer
the reader to Ref. 30 (p. 137). Another form of the Kolmo-
gorov forward equation, which is more common in the
chemical and physical sciences literature, is the chemical
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master equation (CME).*>11223536 The exact method and
the uniformization technique, discussed in the next subsection,
use Kolmogorov’s forward equation as defined in Eq. 4.

The state of the system, x(7), remains constant over time
until a reaction event occurs, thus forming a staircase plot of
x(f) versus . As a result, the stochastic process
X={X(r) : t € [0,T]}, which has uncountably infinite (time)
dimensions, can be completely defined by recording only the
reaction events. The simulation techniquesz’(”7 exploit this
characteristic by simulating reaction events or firings starting
from an initial condition. For every reaction firing, two quan-
tities are simulated from appropriate probability distribu-
tions—the time at which the reaction occurs and the index
number of the reaction that occurs. Different trajectories of
X(¢) are generated using different random numbers. We
denote one such trajectory or instance of X by the variable x.
Note that x contains the complete reaction event data, which
may be used to recreate the entire, continuously varying sto-
chastic process. Unlike a simulation, laboratory experiments
only measure the full (or partial) state of the system at dis-
crete time points. These measurements constitute the discre-
tetime data and are collectively denoted by y. Note that y
does not necessarily contain information about reaction
events and is, therefore, a subset of the complete event
data x.

Our aim is to estimate the parameter vector 0 using a
stochastic chemical kinetic model and discrete-time data y.
In this article, we consider only the case of full measure-
ments in which all species are measured at discrete time
points. Let {so,s1,...,5,} be the times at which measure-
ments {yo,y1,...,ym} are available. Each measurement y;
is an nyX1 vector. We also assume that the initial condi-
tion yo is known, that is, not random. Thus, the discrete-
time data y can be defined as

y:{y():yly"'aym} (6)

Parameter estimation methods

We begin with a brief review of Bayesian inference as it
applies to our problem. We assume that parameter vector 0
is a random variable with a prior distribution 7(0). The pos-
terior distribution of 0, denoted by m(0]y), represents the
updated distribution of 0 after taking the data y into account.
The prior and posterior are related via Bayes’ rule

_n0l0)n(0) o
n(0ly)="2 5 o< m(10)(0) ™

in which 7n(y|0) denotes the likelihood of data. Throughout
this article, we use the following gamma prior

ny

n(0)=] [ =(k:) ®)
i=1
b =1 bk
in which, n(k,-)=1_(’ 3 “lembki or  K; ~ Gala;,b;)
ai

C))

We intend to obtain the posterior n(0]y), or an approxima-
tion of it, using the gamma prior and the likelihood. MAP
estimates, 0, may then be obtained by maximizing the poste-
rior with respect to 0, either analytically or numerically.
Unlike Bayesian estimation, MLE maximizes the likelihood
n(y|0)) with respect to theta. We denote the estimates
obtained by MLE as Oy k.
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Exact Method. The exact method obtains the likelihood
by solving Kolmogorov’s forward equation described in (4)
for a given value of 0, either numerically or analytically.
The likelihood may then be maximized to obtain the MLE
estimates Oy, or the posterior may be obtained up to a
constant, using Eq. 7. The likelihood 7(y|f) may be obtained
as follows

n(y[0)=P(X(s0)=y0, X(s1)=V1,- -, X($) =ym|0)
:P(YOJM s ,}’m|9):P(Ym|)’m—l,)’m—2, <5 )0, 9)
=1 |PWilyi-1, 0)P(y0l0)
=1
= |PWilyi-1,0)
i1
(10)

Note that the term P(y;lyi—1,0) is nothing but the
(yi=1,yi)-element of the matrix P(s;+;—s;), which may be
obtained by solving Eq. 4.

The solution to Eq. 4 requires a matrix exponentiation of
(si+1—5:;)Q, which becomes computationally expensive if the
number of states, |S|, is large. As Q depends on 0, at least
one matrix exponentiation is required to calculate the likeli-
hood value for every . As many as m matrix exponentia-
tions may be required if the time points {so,s1,...,S,} are
not equally spaced. While some research has been done to
solve the CME (and equivalently Kolmogorov’s forward
equation) analytically under special cases,”’ it is usually not
possible to do so. This means that the likelihood value at a
given 0 has to be evaluated numerically which further
increases the computational cost to obtain MLE estimates.
The MAP estimates may be obtained by maximizing the
product of likelihood and prior at a similar computational
cost. To completely determine the posterior as a distribution,
we require the normalizing constant 7(y), which is given by

n(y)an(yW)n(H)dH (11)

In general, the integration in Eq. 11 is not analytically
possible and numerical methods have to be used. Numerical
integration of Eq. 11 is usually tractable when the number of
parameters 7, is small (less than three). The gene on-off
example in Examples section is one such case. In other
cases, for example, early viral gene expression in the Exam-
ples section, the state space S is unbounded making Q infi-
nite dimensional and an analytical solution to Eq. 4 is
essential to be able to use the exact method.

MCMC Methods. The MCMC methods and the CDIS
method described in this section are in the same vein and
utilize the same analytical expressions that are available
under special circumstances. We begin with the general for-
mulation of the estimation problem and describe relevant
analytical expressions.

Given the complete event data x (instead of the discrete
measurement data y), it is possible to write down the likeli-
hood analytically [30, p. 279]

w(ul0)=T [ x(1-0).0) exp { -

j=1

ho(x(f)>9)df} (12)

S0

in which
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e n represents the total number of reaction events
occurred in the time interval [sg, s,

e n; represents the index number of the jth reaction

event,

e 1; represents the time at which jth reaction event

occurred.

Note that Eq. 12 computes the likelihood of the continu-
ously varying stochastic process using only the information
about reaction events. When the reaction propensity is sepa-
rable, that is, as described in Eq. 2, the likelihood expression
becomes

ﬂ(xw):gpdek;'ie_G,k, X Hk;’ie—G;ki (13)
i=1 i=1
in which

gprod:ﬁgnl(x(tj,l)) Gi:J

S0

Sm

gi(x(0)ar — (14)

and r; is the ith element of r representing the number of
times reaction R; occurs in the time interval [s,s,]. This
expression of likelihood motivates the use of the gamma
prior defined in Eq. 8. The posterior given complete reaction
event data may be written analytically as

n,

n(9|x)=H 7(kilx) (15)

in which
(b,‘+Gl’)a'+r' Ari—1 —(bi+G)k:
kilx)= 2 gt (bi+Gi)ki
7[( |X) l"(a,-+r,») ! ¢ or
Ki|x ~ Ga(a;+r;, b;+G;) (16)

Thus, the prior and complete data posterior are conjugate,
that is, they come from the same family of distributions.

The problem is that we have the discrete-time (measure-
ment) data y instead of the complete (reaction) event data x.
As y C x, an obvious approach is to first appropriately simu-
late and average over the hidden or missing data represented
by x\y, and then infer the parameters 6 using the “averaged”
x. Both the MCMC and CDIS methods essentially perform
this averaging in very different ways. We will now describe
the MCMC methods and delay the description of CDIS until
later in this subsection.

MCMC methods aim to obtain the joint distribution of 0
and x given y, that is, n(0,x|y) by using Gibbs sampling [30,
p- 255]. A basic Gibbs-style algorithm may be written as:

1. Sample x ~ 7(x|y)

2. Sample 0 ~ 7(0)x,y)=n(0|x) using Eq. 16

3. Sample x ~ 7(x|0,y)

4. Return to Step 2

This algorithm may be iterated to produce samples of 0
that can then be binned to produce a histogram representing
the posterior 7(0]y). Note that the samples of 0 and x gener-
ated by this algorithm come from the true joint distribution
n(0,x|y). There are two problems with this method. First,
the distribution n(x|y) is not available. So, we initialize the
iterative procedure by replacing Step 1 with any method
(not necessarily statistical) that can generate a sample of x
that satisfies y. Obviously, when the initial x does not come
from the true distribution 7(x|y), the samples of 0 and x are
no longer distributed as 7(60, x|y). In this case, the samples of
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(0,x) form a Markov chain whose stationary distribution is
n(0,x|y). Thus, the Markov chain can be run until stationar-
ity is achieved and then samples of 6 may be generated to
produce a histogram. The second problem is to sample x
from 7(x|0,y). This problem can either be solved using
endpoint-conditioned simulation methods™ or using a MH
step [30, p. 282].

Endpoint-conditioned simulation methods, such as uni-
formization,*® can generate samples of x from the true condi-
tional distribution 7(x|0,y). This method, which we refer to
as Gibbs-uniformization, was used by> to estimate parame-
ters in epidemic models. Similar to the exact method, the
uniformization technique uses the solution to Kolmogorov’s
forward equation and, therefore, suffers from similar associ-
ated issues of a large (or unbounded) state space. Other
endpoint-conditioned simulation methods such as direct sam-
pling® or bisection sampling®® may be used to produce simi-
lar estimation methods.

Using a MH step, [30, p. 282] makes the overall algorithm
a Metropolis-within-Gibbs-style algorithm. The MH step
generates a proposed sample of x from an approximate con-
ditional distribution 74 (x|0,y) instead of the true conditional,
and then, accepts or rejects the proposed sample x based on
a suitably defined acceptance probability. This class of esti-
mation methods was proposed by Wilkinson and
coworkers.”*** " There are two major variations of this
overall scheme—RIJMCMC method®' and the block updating
method.>®3! In this article, we consider only the block
updating method as described in Ref. 30 [pp. 281-287],
which we call MCMC-MH.

CDIS Method. We present here an alternative and novel
method, CDIS, to perform the ‘“averaging” over x as dis-
cussed previously in this section. Instead of attempting to
obtain the joint posterior distribution of (0,x) given y, we
aim to obtain only the posterior 7(f]y) using importance
sampling

(0=

7r(07x|y)dx=J 7(0]x)m(x]y)dx

- m(xy)
~ Zn(0|xk) ) (17)

in which, ¢g(x) represents the importance or proposal distribu-
tion. Instead of generating samples of x from the target dis-
tribution 7(x|y), we generate samples from the importance
distribution. Note that as y C x, the reverse conditional 7(y|x)
is either 1 (when x agrees with y) or zero (otherwise). The
distribution of complete event data 7(x) may be obtained
using Bayes’ rule as follows

n(x]|0)m(0) a,+r b
ﬂ(x) W 8prod H al (b,'+G,<)ai+"’ (18)

Using Egs. 17, 13, and 18, the posterior may be approxi-
mated by a weighted sum of gamma distributions

N
m(0]y) ~ #(0]y)=> _ win(6]x) (19)
=1
in which the weights w, are given by
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(o) ()
= 4R 20)

XN: 7yl ) ()

= qlw)

Note that the complete data likelihood n(0|x) is known
analytically in Eq. 15, and the weights w, can be numeri-
cally computed, thus, providing a semianalytical expression
for the joint posterior in Eq. 19.

As is usually the case with importance sampling, the
choice of the importance function is critical to numerical
efficiency. The importance function g(x) should “mimic” the
target distribution 7(x[y). In this article, we present the
importance sampling procedure in brief and refer the reader
to Ref. 39 for a detailed description with statistical analysis.
To obtain g(x), we start with the target distribution

nwwra[ﬂaewwe=jnuw»mmmwde
0 0 e

~ Ln(x\a )(0)do

As we discussed previously in this section, x contains the
information about the time and the index number of reaction
events that occur in the time interval [sg,s,,]. To simulate x,
we first generate the random variable R, using the distribu-
tion ¢(r). Conditioned on r, we generate reaction sequence
{ni,n2,---,n,} in which n; represents the index number of j
th reaction event and n=27;1 r;. Finally, conditioned on r
and {ny,ny,---,n,}, we generate a set of reaction times
{t1,t2,+ -+ ,t,}, which represent the times corresponding to
the reaction events. Thus, the g(x) is given by

My T)
(22)

Note that both Gibbs-uniformization and MCMC-MH
methods generate samples of x for a given 6, from the (tar-
get) distribution 7(x|0,y). This requires an iteration over 0
and produces the posterior 7(0]y) as a histogram. By con-
trast, CDIS method generates samples of x from the (target)
distribution 7(x[y) in which 0 has been integrated out. Thus,
the CDIS method produces a semianalytical posterior distri-
bution that can be evaluated for every 0 value.

gx)=q(r) q(ni,na, -, nyr) q(ti, 12, ty|ny, ma, - - -

Examples

The reaction kinetics in systems biology (whether deter-
ministic or stochastic) differ from the reaction kinetics in
chemistry in one large respect—systems biology models usu-
ally violate mass balance.'”?*2%232 Such reaction kinetics
can result in an unbounded number of molecules (usually as
a result of a synthesis reaction) causing the state space S to
become unbounded as well. Violation of mass balance is an
ease-of-use approximation in which we do not explicitly
model species (e.g., amino acids and nucleic acids) that (1)
are present in large amounts, (2) are not expected to not
vary appreciably, and (3) are not critical to the reaction sys-
tem we intend to model. Balancing the reactions by explic-
itly modeling “missing” species does not improve the
situation. The state space, S, remains prohibitively large
(although bounded) due to the species present in large
amounts, and the increased number of species causes an
unnecessary increase in model complexity and computation.
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Table 1. True Rate Constants and Gamma Prior Parameters

True Prior
Values Parameters
Reactions Parameters 0o épri(,r a b
Activation ke 0.15 10 1.01 0.0010
Transcription k, 0.02 20 1.01 0.0005
Replication k, 0.05 1 1.01 0.0100
Translation ky 1.00 30 1.01 0.0003

Unboundedness of state space, S, usually rules out the appli-
cation of exact and Gibbs-uniformization methods, except
when an analytical solution to Eq. 4 is available. Our first
example, early viral gene expression, in the Examples sec-
tion has this feature.

Another common feature that complicates parameter esti-
mation is cyclical kinetics. Cyclical kinetics includes reversi-
ble reactions as well as oscillatory kinetics such as the
Lotka—Voltera model. We define cyclical kinetics as the set
of reactions whose transposed stoichiometric matrix v/ has
less than full column rank. As discussed in the Background
section, when v does not have full column rank, Eq. 1 can-
not be solved uniquely for R, thus, resulting in at least one
degree of freedom. In such a case, a large, possibly infinite,
number of (hidden) reaction events may occur between two
measurements. As a result, the amount of hidden data to be
“averaged” over is much larger, which demands more com-
putational effort. The gene on-off example in the Examples
section has this feature.

Early viral gene expression model

The motivation for this example comes from the virus
infection experiments performed by Timm and Yin.** The
following model describes the viral infection of a single
baby hamster kidney (BHK-21) cell by VSV. The rationale
behind this reaction mechanism comes from both the VSV-
BHK biology and the characteristics of the data

VG Gy 256 .
G %o
ka ki
G, —G, G —G+M
k
M % (23)
G oG
k,,
P g

ka Kt
G,-1 —G, M —M+P

The viral infection process takes place in five distinct
stages*': adsorption to the host cell and entry, uncoating of
the genome, transcription and translation, genome replication,
assembly and release of virus progeny. The first two stages,
namely, adsorption/entry and uncoating must occur before the
viral genome undergoes transcription or replication. A delay
is observed before viral protein begins to appear.

In (23), V represents unactivated viral genome and G repre-
sents activated viral genome. The species Gy, Ga, ..., G, repre-
sent various intermediate (or delay) states of the viral genome.
Unactivated viral genome, V, has to undergo adsorption, entry,
and uncoating before it is ready for transcription and replication.
The reactions in (23) converting V to G represent these initial
stages of adsorption, entry, and uncoating. The species M and P
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represent Red Fluorescent Protein (RFP) mRNA and red fluo-
rescent protein, respectively. The transcription reaction creates
more mRNA, M from activated genome G. Translation creates
more red fluorescent protein, P from mRNA, M. Observed RFP
signal is proportional to the amount of red fluorescent protein P
present in the cell. Here, any delays associated with maturation
of the RFP signal are embedded in the translation rate.

During the early stages of infection, the degradation of G, M,
and P is not important. Therefore, we further reduce the model
in (23) to represent only the early stages of infection and remove
the delay states. This leads to the following reduced model

ka
V—G

G % G+Mm
) @4)
G - 2G

k.
M — M+P

Using true parameter values 0y as shown in Table 1 and
an initial condition of X(0)=[Vy Gy, My, Py]'=
[10 0 O O]T (corresponding to a multiplicity of infection
or MOI of 10), we generate six simulated trajectories with
Gillespie’s direct method.” These trajectories, shown in Fig-
ure 1, use the same random numbers but have different sam-
pling frequency (As) and different number of time points
(m). Note that Figures la, b span the same time interval of
[0, 20] but Figure 1b has 20 times larger measurement fre-
quency. The same is true for the next two rows of Figure 1.

As we can see in (24), all reactions except the activation
reaction violate mass balance. This rules out the application
of exact and Gibbs-uniformization methods and we only
compare the MCMC-MH and CDIS methods. We use a
gamma prior as described in Eq. 8 with shape (a) and rate
(b) parameters shown in Table 1. The mode (or peak) of the
gamma prior, denoted by Oprior i also shown in Table 1.
Note that 0o is chosen to be very different than 0y so as
to not bias the posterior toward the true values. The shape
parameter is chosen so that the prior is essentially uniform
over a large range of parameter values.

We estimate the parameters for each of the six trajectories
using both CDIS (with N= 1000 samples) and MCMC-MH
methods (with N = 10,000 steps). The resulting parameter esti-
mates (MAP estimates) are shown in Table 2. The marginal
posteriors 7(k;|y) are shown in Figure 2. As discussed before,
CDIS produces a semianalytical expression for the marginal
posterior while the MCMC-MH method produces samples of
0, which are then binned to produce the histogram. Parameter
estimates for the CDIS method are obtained by numerical
optimization. The estimates for MCMC-MH method are
obtained by simply finding the bin with the largest probability
(or height). Histogram estimation suffers from the problem of
bias-variance tradeoff [42, p. 303]. As a result, MCMC-MH
estimates have an inherent error corresponding to the width of
the bin (~1072—107" for this example). CDIS estimates in
contrast are accurate up to any desired level of accuracy
(~107' due to machine precision).

We begin by comparing the results for trajectories in Fig-
ures la, b. Figures 2a, b show the corresponding marginal
posteriors and priors. In comparison to the posteriors, the
priors are essentially uniform, indicating that the priors
have little effect on the MAP estimates. The CDIS and
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to an MOI of 10. m= number of points, As= sampling time.

MCMC-MH methods agree quite well. The first two rows of
Table 2 provide the parameter estimates. The parameter esti-
mates 0 are close to the true values 0y indicating that the
estimation methods are reasonably accurate. For any statisti-
cal estimation method, even the exact method, there is some
estimator error (or bias) due to the finite amount of data.
Thus, we do not expect the estimates in Table 2 to track the
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true values. However, we expect the parameter estimates, 0
to converge as the number of samples (V) increases.

Note that increasing the number of measurements by a
factor of 20 (from la to 1b) does appreciably change the
parameter estimates. Looking at the next trajectory in Figure
lc we see that the CDIS and MCMC-MH posteriors for
translation rate constant, ks, are different (Figure Ic). In this
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Table 2. Parameter Estimates from CDIS and MCMC-MH

Dataset CDIS (N=1000) MCMC-MH (N= 10, 000)

(1a) (0.1674, 0.0124, 0.0411, 1.2767) (0.1457, 0.0117, 0.0380, 1.3568)
(1b) (0.1716, 0.0122, 0.0407, 1.3163) (0.1768, 0.0112, 0.0387, 1.3871)
(1c) (0.1825, 0.0096, 0.0572, 0.8019) (0.1907, 0.0082, 0.0597, 6.4541)
(1d) (0.1832, 0.0095, 0.0567, 1.2069) (0.1752, 0.0121, 0.0549, 1.1623)
(le) (0.1994, 0.0001, 0.0778, 30.0000) (0.2012, 0.0006, 0.0700, 155.6734)
(1) (0.2018, 0.0001, 0.0770, 30.0000) (0.2010, 0.0008, 0.0759, 166.1711)

True values (ka, ko, ko, ko) = (0.15,0.02,0.05,1).

case, increasing the number of measurements causes the two
posteriors to agree with each other (Figure 2d). Looking at
the corresponding parameter estimates in Table 2, we can
see that increasing the measurement frequency changes the
estimates for k; significantly but the other parameter esti-
mates do not change. Finally, for the last two trajectories in
Figures le, f, increased measurement frequency does not
change the parameter estimates as well. However, for these
trajectories, there are two interesting outcomes—(1) the
parameter estimates for k, and k; are very different from their
corresponding true values and (2) the posteriors for & are the
same as the prior.

MCMC-MH and CDIS methods use the complete data
posterior n(0]x) (in Egs. 15-16) to generate an approxima-
tion of the required posterior 7(0]y). Equation 16 offers
some explanation about behavior of estimates. The marginal
complete data posterior, 7m(k;|x) uses the information in x
only through r; and G;. Here, r; is the number of times reac-
tion R; occurs in time interval [so,s,] and can be obtained
uniquely by solving Eq. 1 because v’ has full column rank.
Changing the measurement frequency while keeping the
same end points y, and y,, does not change r;. But increasing
the measurement frequency does provide a better (lower var-
iance) estimate of G; (defined in Eq. 14). This observation
explains why the increasing measurement frequency has a
weak effect on the posterior and estimates.

We now compare the data in Figures le, c, a. The trajec-
tory in Figure le shows that the mRNA (M) and protein (P)
measurements remain at zero and neither transcription nor
translation reaction events occur during the given [0, 5] time
interval. As a result, every (event data) sample x generated
by the CDIS or MCMC-MH method has r,=0 and G4=0.
Looking back at Eq. 16, we can see that this dataset provides
no information at all for the translation reaction. Conse-
quently, the posterior of ks is exactly equal to the posterior.
While the CDIS method provides this information analyti-
cally, the MCMC-MH method provides this information
through samples of kz. In such a case, the model in (24)
should be further reduced by removing the translation reac-
tion. While r, is also equal to zero, G, > 0, which means
that there is some information available regarding the tran-
scription rate constant k,. Consequently, the estimate k, in
Table 2, while being very different than k¢, is not equal to
kA,’prior. Figures 1c, a have larger (nonzero; r;, G;) values and
provide better estimates.

In Table 3, we present the computational time spent in
terms of seconds taken to generate one sample of x for both
methods. All simulations were performed using Octave on
an Intel(R) Core(TM) 2 Quad 2.66GHz, 8GB RAM machine
running Lubuntu 13.04. For both methods, the computational
time per sample is directly proportional to the number of
time points, m and is (roughly) inversely proportional to the
sampling interval, As. Table 3 shows that when m is low (in
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la, c, e), the CDIS method takes much longer to generate
one sample of x than MCMC-MH. However, when m is high
(in 1b, d, f), MCMC-MH is slower than CDIS. Irrespective
of the per sample computational time, CDIS requires at least
10 times fewer samples than MCMC-MH. In fact, CDIS
method produces a semianalytical posterior with just one
sample while a large (~1000) samples are required to obtain
a histogram using MCMC methods. Even further, a signifi-
cant number of samples (~10—50%) have to be burned-in
while using MCMC methods to ensure convergence of the
Markov chain to stationarity. The CDIS method, by contrast,
may have problems with convergence if the importance dis-
tribution ¢(x) is not “close enough” to the target distribution
n(x[y). We have not encountered convergence issues for this
example (see Supporting Information).

Gene on-off

The RNA expression model was first proposed by Golding
et al.?® and later studied by Reinker et al.**> and Poovathingal
and Gunawan.?? This model, as shown in reactions (25), has
three species and three reactions

k
DNA ox — DNA opr
k_
DNA o — DNA ox (25)

k;
DNA ON — DNA ON +mRNA

As discovered by Golding et al.,* the number of RNA
molecules in a single cell was around 0-10. This simple
model also violates mass balance, which makes the exact
and Gibbs-uniformization methods inapplicable. To demon-
strate the exact and Gibbs-uniformization methods and com-
pare them to MCMC-MH and CDIS methods, we consider
only the first two reactions in the model. This simplification
creates the reduced, gene on-off model presented in reactions
(26)

k
DNA o — DNA opr

\ (26)
DNA opr — DNA ox

While this model is no longer suited to study mRNA
expression, it can be used to study the switching—activation
(ON) and deactivation (OFF)—of a gene. As this model now
has only two parameters to be estimated, we can plot likeli-
hood and joint posterior values, which is another motivation
for choosing this reduced model.

We generate six simulated trajectories using true parame-
ter values Op=[k; k_1]"=[0.03 0.01]" with Gillespie’s
direct method,” as shown in Figure 3. Trajectories in the first
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Figure 2. Marginal priors and posteriors obtained using CDIS and MCMC-MH.

column (Figures 3a, c, e) are simulated using an initial con-
dition of X(0)=[DNA on o DNAOFF,O]T=[1 O]T, which
corresponds to only one copy of the gene. The second col-
umn (Figures 3b, d, ) is simulated using X(0)=[DNA o~
DNA o 0]' =[5 4]", which corresponds to nine copies of
the gene.
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We begin by computing the likelihood =(y|0) for each tra-
jectory using the exact method as described in the Back-
ground section. The resulting three-dimensional (3-D)
likelihood plots, corresponding to each of the trajectory, are
presented in Figure 4. We can see that for the data in Figure
3a, the likelihood is essentially flat when k_; is small and k,
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Figure 2. (Continued)

is large enough. The likelihood plots for Figure 3b, c are flat
when k_; is small but have a peak in k;. The data in Figures
3d, e produce likelihood curves, which are peaked in both k;
and k—; while the data in Figure 3f the most sharply peaked
likelihood surface.

Intuitively, the likelihood in Figure 4a seems reasonable.
The corresponding trajectory in Figure 3a may be recreated,
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with probablllt)rr 1, if we set kj=o00 and k_;=0, that is,

n(y|0=[o0 =1. Therefore, the only information we
can obtain is that ki > k—_; we cannot obtain independent
estimates of both parameters. Figure 3b has the same number
of measurements as Figure 3a but k; =00 is no longer possi-
ble because we observe that R; does not occur until 7= 2.
This observation provides some information about k;. As R,
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Figure 2. (Continued)

does not occur in Figure 3b, it is still possible for k—; to be
zero. Data in Figure 3c has a large number of finely sampled
measurements (m=800, As=0.1) but it still does not provide
more information than Figure 3b, which has far fewer meas-
urements. Figure 3c indicates that the gene switched off (i.e.,
Ry occurred) once around 7= 15. While the increased mea-
surement frequency provides an accurate time of the switch

(compared to Figures 3a, b), the trajectory can still be simu-
lated when k—;=0. Thus, Figure 3c provides no information
about R;. In fact, a reduced model consisting of R; alone
may be used to explain this data. Figure 3d has 10 times
fewer measurements than Figure 3c and spans the same time
interval of [0, 80], but it provides a better estimate of k_j.
This is because both R; and R, occur often. Figure 3e also
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Table 3. Sampling Time (Seconds per Sample) for CDIS and

MCMC-MH
Dataset CDIS (N=1000) MCMC-MH (N=10, 000)
(1a) 0.54 0.12
(1b) 0.54 1.35
(Ic) 0.30 0.06
(1d) 0.37 0.83
(le) 0.30 0.05
(1f) 0.35 0.66

provides better estimates for the same reason. Note that the
data in Figures 3d, e do not allow the possibility of k_;=0.
Figure 1f provides the sharpest likelihood surface (and the
best estimates) among all trajectories in spite of having a
sampling time of As=20.

Unlike the previous example, v for this example does not
have full column rank. This means, as we intuitively expect,
that we cannot uniquely obtain the number of times each
reaction occurred (i.e., r;) between two measurements. For
example, in Figure 3a, the number of times R; and R,
occurred between (=0 and =20 1is given by
(r1,r2)=(n+1,n),n=0,1,2.... Therefore, we define r; i, as
the observed (or minimum) number of times a reaction R;
must occur. As we can see, for Figures 3a, b, c,
(71.min > "2.min )=(1,0), which indicates that these datasets do
not provide information about k_;. Figures 3d, e, f have
larger (nonzero) values of (| min,72,min) and provide better
estimates.

We compare other estimation methods with the exact
method for the data in Figure 3d. The joint posterior for all
four estimation methods is presented in Figure 5. Parameter
estimates obtained by (exact) maximum likelihood estima-
tion and other methods are provided in Table 4. The esti-
mates obtained by exact Bayesian estimation are close to the
exact MLE estimates, which indicate that the prior does not
bias the estimation. The sampling times are also presented in
Table 4. Gibbs-uniformization method performs the worst
due to slow mixing of the Markov chain (see Supporting
Information). Furthermore, the uniformization step is
extremely slow, which limits the number of Markov chain
steps that can be used. Detailed analysis of computation time
required by uniformization and other similar methods may
be found in Ref. 33. As we can see from Figure 5d, 1000
Markov chain steps were not enough to produce a 3-D histo-
gram. Consequently, the Gibbs-uniformization estimates are
not accurate. Gibbs-uniformization must be run for a much
larger number of steps to obtain reliable estimates. By con-
trast, CDIS (N =100 samples) and MCMC-MH (N = 1000
steps) estimates are close to the exact (Bayesian) estimates.
A burn-in of 100 steps was used for MCMC-MH method.
Variance in CDIS estimates (using N =100 samples) was
lower than the variance in MCMC-MH estimates (using
N =1000 steps). Reducing the number of Markov chain
steps used by the MCMC-MH method increases the variance
in the resulting histogram and parameter estimates. Thus, the
CDIS method requires 10 times fewer numbers of samples
compared to the MCMC-MH method to obtain the same
accuracy in estimates. The computational expense in terms
of seconds/sample is higher for CDIS compared to the
MCMC-MH method but the overall computation time is still
~85% lower for CDIS method than MCMC-MH method.
In this article, we implemented the block update version of
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the Metropolis-within-Gibbs-style estimation methods (see
MCMC methods in the Background section). It is possible
that the RIMCMC method?' may perform better. For cycli-
cal kinetics, both the CDIS and the Metropolis-within-Gibbs-
style methods require a tuning parameter to generate samples
of r.. We followed the recommended tuning parameter as
suggested by Boys et al.*! and Wilkinson.’® More details are
provided in the Supporting Information. The marginal poste-
riors for both parameters are presented in Figure 6. We used
a=[1.01 1.01]",p=[0.00067 0.00125]" as the parame-
ters for gamma prior.

Experimental and Model Design

Only a limited number of measurements can be performed
in the laboratory due to resource limitations. The analysis
presented in the previous section may be used to develop
general guidelines on both experimental and model design
that will help in parameter estimation. As we have shown,
performing more measurements at a higher frequency does
not necessarily improve estimates of some parameters. In
both examples, we obtained inaccurate estimates of a rate
constant k; when the corresponding reaction R; was not
observed to occur, that is, 7;min Was zero. In cases where
both r; and G; are zero, we obtained no information about
the rate constant at all (see data in Figure 1c). Note that G;
is zero indicating that the reaction cannot occur at all during
the corresponding time interval and, therefore, implies that
r;=0, but the converse does not hold.

To obtain good estimates, our aim is to ensure large val-
ues of both 7;ni, and G; by designing the experiment (i.e.,
manipulating the times at which measurements are taken).
The guidelines we provide here are specific to stochastic
chemical kinetic models and are not applicable during the
exploratory phase of research when no reliable information
is available about the system being measured. These guide-
lines are useful in the later stages of experimentation when
we have a set of candidate reaction models in mind.

(1) As the parameter estimation depends on G; (Eq. 14), it
is more important to measure the reactants than the products.
If the reactants are not measured, then the numbers of reac-
tant molecules have to be inferred using Eq. 1 and statistical
sampling, thereby increasing the computational burden, (2)
measuring a reactant species that remains at zero does not
provide information about the corresponding reaction(s). As
we have seen in the early viral gene expression example, the
mRNA (M) remains at zero in Figures le, f. The correspond-
ing estimates of translation reaction rate constant ky were
close to zero. The measurement effort spent during the inter-
val [0, 10] when M was at zero, could have been better spent
later during the experiment when the M was large enough.
In some experiments, the measurements are left-censored,
that is, we cannot measure them accurately until the mea-
surement is above a certain threshold value. Obviously,
measuring left-censored values provides little information,
which is especially true for a stochastic chemical kinetic
model, (3) estimation of a rate constant is difficult when we
do not observe the occurrence of the corresponding reaction
event. We have shown in the gene on-off example that esti-
mates of k_; were close to zero until we were able to
observe R, occurring, that is, until 75 i, > 0. The same is
true for the data in Figure le. For the early viral gene
expression example, we know from VSV-BHK biology that
the translation occurs later in the experiment, which allows
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us to reserve more resources for later measurements. For sys-
tems like the gene on-off model, the “gene switching on
reaction” (R,) does not have such time dependence. Thus,
the only way to observe the reaction events occur is by
increasing the number of measurements. From the data in
Figures 3d, f, we can see that it is better to perform the
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X(0)=[DNA on 0 DNA orr ] =[10]". Second column:

same number measurements spread sparsely over a longer
period of time instead of finely spread over a shorter period
of time, and (4) increased measurement frequency does pro-
vide some benefit. Likelihood plots in Figures 4a, ¢ show
that increased measurement frequency does improve the esti-
mate of k;. This increased measurement frequency does not
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Table 4. Parameter Estimates and Sampling Time (Seconds per Sample) for Figure 3d

Parameter Exact Exact CDIS MCMC-MH GibbsUnif
(MLE) (BE) (N=100) (N=1000) (N=1000)
ky 0.0533 0.0534 0.0557 0.0556 11.9865
k-1 0.0103 0.0103 0.0111 0.0115 3.5485
Sampling time (s/sample) - - 0.76 0.53 9.01

True values 0y= (ki ,k—10)=(0.03,0.01).

change the observed number of events, rjmin, but it does
improve the value of Gy, thus providing the improvement.

It is also important to choose the correct set of models for
which to estimate parameters. If the model has a v/ with full
column rank, then we can obtain the number of observed
reaction events uniquely (i.e., 7;=7;min) using the data and
Eq. 1. If we can further identify that G; is zero for a particular
reaction (e.g., ks in Figures le, f) then the data provides no
information about the corresponding reaction, and we should

simplify the model by removing the reaction. Even if G; > 0
but 7;=0, then the estimate of the corresponding reaction rate
constant is likely to be zero (e.g., k, in Figures le, f) and this
reaction may be removed as well. If the model’s v/ does not
have full column rank, the observed number of reaction
events 7;min provides similar guidelines. Using the exact like-
lihood method, we observed that estimates of k_; were zero
when 75 min =0. In such cases, the “gene switching on” reac-
tion R, may be removed to simplify the model.

(e) m = 100, As = 20
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(f) m = 100, As = 20
Figure 4. Gene on-off model. Exact likelihood plots for data in Figure 3.
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Figure 5. Joint posteriors for Figure 3d.

Conclusions and Future Work

In this article, we have demonstrated the use of three
classes of parameter estimation methods, one of which is a
new method. Using two examples from systems biology, we
have demonstrated some strengths and weaknesses of all
three methods. The exact method is intractable when the
state space in large or unbounded (except in very special
cases), which frequently happens in systems biology models.
Even with a finite (and small) state space, Bayesian infer-
ence using the exact method requires numerical integration
in n, dimensions, which is also computationally expensive.
The Gibbs-uniformization MCMC method, similar to the
exact method, also uses the solution to Kolmogorov’s for-
ward equation and is not usually applicable. Furthermore,
the uniformization technique requires enormous computation,

25 T
Y Prior ==
Exact -~ |
£ CDIS —
MCMC-MH [
2157 1
2 |
Q10t ]
5 i .":
1 -
0 0.05 0.1 0.15 0.2
ki
(a) k1

0.012
0.008
0.004

(d) Gibbs-uniformization

which makes the overall MCMC algorithm slow. More
research is required to generate better endpoint-conditioned
simulation methods. By comparison, the MCMC-MH method
works well. Al MCMC methods may sometimes have issues
with convergence of Markov chains and require that a con-
siderable fraction of Markov chain steps be burned-in, which
increases the computational effort required. Even if these
issues are resolved, MCMC methods provide the user with a
histogram of the posterior that has the usual bias-variance
tradeoff issues. The CDIS method, by contrast, provides a
semianalytical expression for the posterior, which may be
used for further analysis. We have shown that the CDIS
method has good convergence properties and requires much
less overall computation time than MCMC methods. Conver-
gence of the CDIS method depends on the ability of the
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Figure 6. Marginal posteriors and priors for Figure 3d.
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importance distribution to mimic the target distribution.
There may be examples where the importance distribution
we proposed is sufficiently different from the target distribu-
tion to require significantly more computation, but we have
not yet encountered this issue.

Parameter estimation in stochastic chemical kinetics is a
new area of research when compared to deterministic
kinetics. Estimating parameters for a wide range of models
using experimental data is a challenge that has two major
bottlenecks. The first bottleneck is the measurements—only
a partial set of species (usually one) can be measured at a
time and even these measurements suffer from unknown
measurement noise. The case of partial measurements is sim-
ilar to the case of cyclical kinetics and may be solved by
both CDIS and MCMC-MH methods. With the advance-
ments in experimental techniques, the measurements are
becoming more accurate and eventually it may be possible
to obtain full measurements with low or at least character-
ized measurement noise. The second bottleneck is the com-
putation time required. More measurements usually require
more computation. Even with a small amount of “perfect
data,” the computation time required may be large. In the
future, when large amounts of imperfect data are available,
computation is expected to be prohibitive, and fast, albeit
approximate, estimators will be required.
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